We have mathematically analyzed the angular correlation of molecules subject to coupled Brownian torques and driven rotational motion. In our approach a stochastic rotation operator is used to generate the time-dependent orientation of a Brownian particle. All required expectation values can then be computed from just a knowledge of the average of the rotation operator. In particular, the angular correlation function of molecules moving under the influence of both Brownian and driving torques can be shown to exhibit an exponential decay modulated by a periodic term arising from the nonrandom force. The associated power spectrum exhibits a resonance at a frequency characteristic of the driving torque. We discuss DNA/RNA polymerase, muscle, and flagellar systems to which our analysis is applicable.
INTRODUCTION
An accurate picture of macromolecular dynamics is central to a complete understanding of the mechanisms underlying many biological phenomena. All important cellular biochemistry occurs while the interacting biomolecules are subjected to random, solvent-induced Brownian forces. Moreover, coordinated biological processes rely on nonrandom molecular events that couple energy consumption to the generation of directed motion superimposed on the Brownian background.
There are several well-known biological systems that exhibit a combination of random molecular dynamics and repetitiue energy dissipative work. The mechanism by which a bacterium propels itself involves the coupling of a motor-directed long-axis rotary motion to Brownian rotational diffusion.' In active muscle the generation of repetitive rotational motion may provide the thrust by which contraction is accomplished. Several important macromolecular interactions involving nucleic acids have been postulated to involve some sort of repetitive reorientation. The enzyme RNA polymerase could search for its start signal, the promoter, by diffusing down one of the grooves of the DNA m~lecule.~ Moreover, RNA polymerase may actively turn the DNA template during the process of producing an mRNA (tran~cription)~(see Fig. 1 ).
The ubiquity of systems that display a coupling of random diffusion to driven rotational motion has inevitably led to an interest in spectroscopic Proposed mechanism underlying the phenomenon of transcription. The enzyme RNA polymerase (depicted by the two ovals) will contact the double-stranded helix (the DNA molecule) and copy the DNA into the single-stranded mRNA. An 18-base region surrounding the point of interaction between the enzyme and the DNA is in a locally unwound state. RNA polymerase inserts a base into the growing mRNA if the hydrogen bonding between the DNA and the mRNA is correct. Therefore, a s transcription proceeds the proper orientation of these two molecules must be maintained. Because DNA has a helical structure there must then be a relative rotation of the enzyme/mRNA/DNA complex. It has been suggested that rotation occurs because RNA polymerase exerts a torque on the DNA that causes it to turn. For more details see Ref.
4.
probes for these motions. In order to elucidate the operative biological mechanisms it is desirable to distinguish those components of a complex reorientation that have their origin in random fluctuations from those that are in some sense biologically directed. Correlation measurements are ideally suited to the task of discriminating random macromolecular motions from repetitive reorientation. We have adopted a Langevin-operator approach to address the analysis of rotational correlation in a biological system to purely diffusive and driven rotational motion. We demonstrate that, despite the existence of competing modes of reorientation such as those arising from diffusion, correlation measurements should reveal the presence of driven motion. Specifically, the power spectrum of noise containing a repetitive rotational component should exhibit a resonance at characteristic "forcing" frequencies. For the sake of concreteness we consider a fluorescence correlation experiment, although the concept of modulation is more generally applicable.
THEORY
In this work we have been primarily motivated by an interest in the motion of DNA in solution. Hence, we consider as our model system a cylindrical DNA subject to an enzymatic torque and solvent-induced Brownian rotation. The DNA is assumed to be labeled with one covalently bound intercalated fluorophore whose transition dipole makes a fixed angle p with respect to the long axis of the polymer; the orientation of the DNA is defined by its spherical polar coordinates 0, and &, with respect to a set of lab-fixed axes. I t is reasonable to assume that a long macromolecule will have two equivalent diffusion constants that are much smaller than the long-axis rotational diffusion coefficient. Hence, for a system such as an actively transcribing RNA polymerase, rotational diffusion about two axes will be negligible, while there will be a coupling of the long-axis rotational diffusion of the enzyme-DNA complex and the driven motion.
In a fluorescence correlation experiment the observed quantity is the autocorrelation function of the fluorescence signal. The autocorrelation function C ( 7 ) measures the similarity between the fluorescence at a time t and this signal at a later time t + r . The fluorescence will fluctuate with time because the orientation of the absorption and emission dipoles of the probes w i l l vary with respect to the direction of polarization of the excitation beam and the direction of observation. Changes in dye number will not contribute to the time dependence of the signal because the enzyme-DNA complex translates very slowly relative to its rate of reorientation. I t is of course implicit here that the system is small and that therefore the temporal variation in the fluorescence is detectable. This question has been considered in detail else~here.~
We begin with a brief review of the quantitative relationship between molecular properties and the fluorescence autocorrelation function. A more complete discussion may be found in the article by Aragon and Pecora.' The measured quantity is the fluorescence photocurrent produced when photons impinge on the photocathode of a photomultipler tube and an electron cascade is released. The current from a population of N singly-labeled molecules is given by where g is the gain of the photomultiplier, e the electronic charge, Q(A) the efficiency of the photocathode at wavelength A, and nj(t) the number of photons emitted per second by the j t h fluorophore. The instantaneous devia-
The basic quantity of interest is the ensemble averaged (denoted by the angle brackets) autocorrelation function
(2) C( r ) may be rewritten using the above expression for the photocurrent as
This expression simplifies for a dilute solution in which the cross-correlation terms i f j may be neglected. If we note that the ensemble average is the same for each molecule
Finally, since the process under consideration is stationary, i.e., invariant under time translation,
The number of photons emitted per second by a fluorophore n(t) monitors the orientation of the dye-DNA complex with respect to an external lab frame because it depends on the cosine of the angle between the polarization of the excitation beam and the absorption dipole of the probe. If a particular direction of polarization of the emitted fluorescence is monitored, then the expression for the photocurrent will also contain a term depending on the component of the fluorescence in the direction of detection. In this latter case, sensitivity to orientation is greater, but this extra complexity has no bearing on our basic physical result; hence, we assume isotropic detection of the fluorescence.
The mathematical expression for n ( t ) is discussed by Aragon and Pecora. They find that the number of photons emitted per second by a fluorophore is given by
Here qi is the fluorescence quantum yield of the dye, €(A) is the extinction coefficient at wavelength A, I, is the incident light intensity, and ri is the fluorophore lifetime. The quantity 6 ( t ) . p' denotes the dot product of the transition dipole S(t) and the constant polarization vector 5. The physical content of Eq. (6) is easy to understand. At time t the number of photons/ second emitted by a dye molecule is given by the integral over all earlier times t' of the probability of absorption of the polarized incident light, [ l i ; ( t ' ) . $3 210~( A), multiplied by the probability that a photon absorbed at t' will reemitted as fluorescence at time t, $exp[ -( y)]. In the case of interest here the fluorescence emission is extremely rapid relative to the physical processes under study; hence, it is an excellent approximation to assume that the emission probability is given by its value in the limit that the fluorescence lifetime approaches zero. In this approximation we have axis is along the long axis of the macromolecule. If we denote the angle of rotation of the absorption dipole projection about this z axis in time t by 8( t ) (see Fig. 2 ) the stochastic behavior of S(t) . p' will be governed by the
Langevin equation for O ( t ) . The Langevin equation will contain a term
representing the Brownian random torque and a driving torque. The external torque is assumed constant; this is probably not an unreasonable model for long-lived rotational phenomena such as flagellar motion or the transcription of DNA by a processive enzyme such as RNA polymerase. We have
Here f is the frictional factor, I is the long axis moment of inertia of a DNA molecule, L ( t ) is the random torque, Lext is the constant torque, and w ( t ) = de/dt. To compute expectation values from Eq. (9) we follow an operator technique for solving the Langevin eq~ation.~ The idea is to generate the timedependent orientation of the transition dipole with a rotation operator. Specifically, we write
S( t ) = R( t)S(O)
Here, the rotation operator R ( t ) is given by the standard matrix expression R ( t ) is stochastic because its matrix elements are random functions of the time. In fact, by expressing Z ( t ) in terms of Z(0) and the rotation operator, the stochasticity in the problem is entirely confined to R( t). Hence, if we wish to compute ensemble averages of functions of 8, the problem reduces to the determination of the ensemble average of R(t). We now proceed with the computation of (R( t)) for a fixed initial orientation of the transition moment.
Of course the evaluation of the correlation function requires a second average over the initial distribution; this double average is considered explicitly later.
We move from the Langevin equation of motion for the basic physical variable of interest, in this case the angle 8, to an associated equation for R ( t ) . The equations governing the temporal behavior of these two quantities are related because the matrix R ( t ) is explicitly defined in terms of 8 
where a = L,JIb.
It is apparent that S(t) will satisfy the equation We can now easily determine the temporal behavior of (sinB(t)) and (cos 8(t)). From Eq. (ll),
Upon equating associated matrix elements in Eqs. (21) and (22) we obtain
The quantity of real experimental interest is the autocorrelation function of the absorption probability. A determination of this average requires a knowledge of the expectation values of the second powers of cosine and sine of 8.
This follows from the matrix expressions for fi( t) and R( t). We have
In Eq. (24), rn'(0) and R + ( t ) denote the transpose of the matrices (written in the molecular frame) representing d(0) and R ( t ) respectively, p is a laboratory referenced column matrix, and H + is the transpose of the matrix that converts the coordinates of a vector in the molecule-fixed axes into the corresponding components in the laboratory frame. We take p' parallel to the laboratory z axis. An explicit expression for H is sin +, cos +,cos 8, cos +,sin 8, 
Once again we note that the angle brackets in Eq. (24) really denote a two time average. Upon performing the indicated matrix manipulations, the desired autocorrelation function may be expressed as It is now a relatively simple extension of the previous derivation of the averages of cos 8 and sin 8 to show that for any k
These results can be verified simply by repeating the mathematical steps outlined for the case k = 1; in this more general situation the relevant matrix generates a rotation by an angle k8.
To determine the averages indicated in Eq. (27), we require the case k = 2: 
DISCUSSION
The fluorescence photocurrent autocorrelation function arising from a dilute sample of cylindrical molecules subject to random Brownian and constant external torques 
exhibits an exponential decay that is modulated by a cosine term. The modulation frequency is a = LexJIb. The exponential contribution to the correlation function arises from the random Brownian torque; in fact, by setting LeXt = 0, we obtain the purely exponential decay corresponding to the undriven case sin4/3 C The modulation frequency appearing in Eq. (34), a = L,,,/Ib = L,,,/f, is the steady state angular velocity. Hence, the sinusoidal term in Eq. (34) gives the correlation that would be observed from a molecule subject to frictional and constant torques, under steady state conditions. The second harmonic arises because the expression for the probability of absorbing polarized light depends on the quantity [6(7) . 312; there is, therefore, a 2w,, periodicity associated with antiparallel orientations of the transition dipole.
If the Fourier transform of the correlation function, the power spectrum, (33) is examined, it is apparent that there are peaks or resonances in the spectrum a t f w,, and & 2w,,. Thus, characteristic driving frequencies are also manifest in the power spectrum of the signal.
Finally, we note that long cylindrical molecules such as DNA exhibit internal bending and torsional motions that will affect the fluorescence photocurrent autocorrelation function.8 As long as these motions are of restricted amplitude they should not destroy the long-time reorientational correlations discussed here. We are now in the process of analyzing the effects of constrained internal motions on the FCS signal. The expressions for the higher expansion coefficients a'( t) are more complicated functions of the operator O( t), but in general the Q'( t) are expressible in terms of integrals over ensemble-averaged products of O( t). The a'( t) are evaluated for a specified O( t). Once the Qi( t) are determined the equation of motion for ( X ( t ) ) may be integrated to find the ensemble average of X ( t ) .
